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Abstract 

We develop the complex scaling for a manifold with an asymptotically cylindrical 
end under an assumption on the analyticity of the metric with respect to the axial 
coordinate of the end. We allow for arbitrarily slow convergence of the metric to its 
limit at infinity, and prove a variant of the Aguilar-Balslev-Combes theorem for the 
Laplacian A on functions. In the case of a manifold with (noncompact) boundary it 
is either the Dirichlet or the Neumann Laplacian. We introduce resonances as the 
discrete non-real eigenvalues of non-selfadjoint operators, obtained as deformations 
of the Laplacian by means of the complex scaling. The resonances are identified 
with the poles of the resolvent matrix elements ((A — fi)~ 1 F, G) meromorphic con- 
tinuation in \i across the essential spectrum of A, where F and G are elements of 
an explicitly given set of analytic vectors. The Laplacian has no singular continuous 
spectrum, the eigenvalues can accumulate only at thresholds. 
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1 Introduction 



We consider a manifold (Ai,g) with an asymptotically cylindrical end. This 
means that M. is a smooth non-compact manifold of the form A4 C U (M+ x Q), 
where Ai c is a compact manifold, and R + x Q is the Cartesian product of 
the positive semi-axis R + and a compact manifold Q, see Fig. [1] and Fig. [2j 
Furthermore, the metric g asymptotically approaches at infinity the product 
metric dx ® dx + f) on the semi-cylinder IR + x Q, where h is a metric on Q. 
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Usually, when studying the Laplacian on the manifold (Ai,g), one imposes 
more e.g. [2|7|21f22] or less e.g. |5|4f5f6|23|ITT] restrictive assumptions on the 
rate of convergence of the metric g to its limit dx <g> dx + f) at infinity. Our goal 
is to study the case of arbitrarily slow convergence. With this aim in mind 
we invoke the complex scaling method. We assume that the metric g has an 
analytic continuation to a conical neighborhood of the axis M + of the semi- 
cylinder M + x Q, and this continuation tends to a certain limit at infinity. If 
g meets these assumptions, then (Ai, g) is said to be a manifold with an axial 
analytic asymptotically cylindrical end; for precise definitions see Section 
We study the Laplacian A on functions in three generic cases: 1. A is the 
Laplacian on a manifold without boundary; 2. A is the Dirichlet Laplacian on 
a manifold with noncompact boundary; 3. A is the Neumann Laplacian on 
a manifold with noncompact boundary. We exclude from consideration mani- 
folds with compact boundaries, as they can be treated similarly to the case 1. 
In this paper we develop a universal approach to all three cases. However the 
most complicated case 3 is considered as a principal one. 

Despite there are several papers utilizing different approaches to the complex 
scaling in geometric aspects e.g. [3"fljl2|ll9|l20|l26|l29] . the complex scaling has 
not been used in this setting before. Our approach originates from the one 
in [10], where the Aguilar-Balslev-Combes theorem is proved for the scatter- 
ing problem of n electrons in the field of N fixed nuclei (see also [9]). In this 
paper we characterize the spectrum and resonances of the Laplacian A on a 
manifold with an axial analytic asymptotically cylindrical end, establishing 
an analog of the Aguilar-Balslev-Combes theorem. In particular, we introduce 
resonances as the discrete non-real eigenvalues of elliptic m-sectorial operators. 
These operators are obtained as deformations of the Laplacian by means of the 
complex scaling. The resonances are identified with the poles of the resolvent 
matrix elements ((A — [i)~ 1 F,G) meromorphic continuation in [i across the 
essential spectrum of A, where F and G are elements of an explicitly given 
sufficiently large set of analytic vectors, and (-, •) is the global inner product 
on (Ai,g). It turns out that the Laplacian has no singular continuous spec- 
trum, and its eigenvalues can accumulate only at thresholds. In particular, 
this paper generalizes our results [12] on the Dirichlet Laplacian in a domain 
with an axial analytic asymptotically cylindrical end. Let us note that the 
approach [12], being significantly based on analysis of operators in a global 
system of Cartesian coordinates, cannot be utilized here. First, because the 
needed system of coordinates may not exist. Secondly, because in the case of 
the Neumann Laplacian the complex scaling deforms not only the Laplacian 
itself, but also the operator of boundary conditions. 

In the proof of the Aguilar-Balslev-Combes theorem we distinguish two sub- 
stantial steps: (i) Proof of the analyticity of the resolvent of the deformed 
operator with respect to a scaling parameter; (ii) Localization of the essential 
spectrum of the deformed operator. 
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On the step (i) we employ the theory of analytic perturbations due to Kato [H]. 
We arrange the complex scaling so that the corresponding deformations of the 
Laplacian belong to the class of m-sectorial operators and form an analytic 
family with respect to a scaling parameter. This is archived by taking a com- 
plex scaling, deforming the operators only in a sufficiently small neighborhood 
of infinity, and leads to the analyticity of the resolvent with respect to a scaling 
parameter. An additional difficulty here is due to the fact that the complex 
scaling deforms the domain of the Neumann Laplacian. However the domain 
of the corresponding quadratic form remains unchanged. For this reason, and 
also because it is convenient to work with m-sectorial operators in terms of 
their quadratic forms, our methods are based on the analysis of analytic fam- 
ilies of quadratic forms. We introduce the quadratic forms in a coordinate 
free way through non-Hermitian (sectorial) deformations of the global inner 
product on (J\4,g). These deformations are obtained by the complex scaling 
of the metric. 

On the step (ii), localizing the essential spectrum of the deformed Laplacian, 
we consider the domain of the unbounded operator as a Hilbert space and 
the corresponding bounded operator. We rely on a direct verification of the 
Fredholm property of the bounded operator with spectral parameter. The ver- 
ification can be based either on construction of parametrices, or, alternatively, 
on the approach due to Peetre [21]. This elegant approach allows to avoid a 
tedious procedure of construction of parametrices by proving some global co- 
ercive estimates, which is widely used in the theory of elliptic boundary value 

First of all we arrange the complex scaling so that the corresponding de- 
formations of the Laplacian remain in the class of elliptic operators. This 
is also achieved by taking a complex scaling, deforming the operators only 
in a sufficiently small neighborhood of infinity. A substantial step here is 
to demonstrate that the deformed Neumann Laplacian satisfies the Shapiro- 
Lopatinskii condition on the boundary. Once the ellipticity is established, we 
obtain global coercive estimates by methods of the theory of non-homogeneous 
elliptic boundary value problems [T5fl6fl7|[T8] . This implies a condition on the 
spectral parameter, necessary and sufficient for the Fredholm property of the 
operator, and localizes the essential spectrum. Let us stress that this approach 
does not require any assumptions on the rate of convergence of the metric g 
at infinity. 

Under our assumptions on the metric g, accumulations of isolated and em- 
bedded eigenvalues of the Laplacian may occur. The Aguilar-Balslev-Combes 
theorem implies that the non-threshold eigenvalues of the Laplacian are of 
finite multiplicity, and can accumulate only at the thresholds. In the compan- 
ion paper [13] we refine these results by proving that a) the non-threshold 
eigenfunctions of the Laplacian are of exponential decay at infinity, b) the 
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eigenvalues are of finite multiplicity and can accumulate at the thresholds 
only from below. We believe that our methods can be extended to other non- 
compact manifolds with a sufficiently explicit structure at infinity and to a 
class of general elliptic operators of arbitrary order. 

In the following two sections readers will find a precise description of the 
geometric situation we deal with, the Aguilar-Balslev-Combes theorem for 
the Laplacian, and a discussion of our results. 

We complete this section with the structure of the present paper. In Section [2] 
we introduce manifolds with axial analytic asymptotically cylindrical ends. 
Then in Section [3] we formulate and discuss our results. All subsequent sec- 
tions are devoted to the proof. Thus in Section H] we deform the Riemannian 
global inner product by means of the complex scaling. In terms of this defor- 
mation we define a sesquilinear quadratic form associated with the Laplacian 
deformed by means of the complex scaling. In Section [5] we study the quadratic 
form. As a result we obtain an estimate on the spectrum of the deformed Lapla- 
cian and the analyticity of its resolvent with respect to a scaling parameter. 
In Section E] we localize the essential spectrum of the deformed Laplacian. 
Finally, in Section [7] we construct the resolvent matrix elements meromorphic 
continuation and complete the proof of our results. 



2 Manifolds with axial analytic asymptotically cylindrical ends 

Let Q be a smooth compact n-dimensional manifold with smooth boundary 
dfl or without it. Denote by II the semi-cylinder R + x Q, where M + is the 
positive semi-axis, and x stands for the Cartesian product. Consider a smooth 
oriented connected n + 1-dimensional manifold Ai representable in the form 
Ai = Ai c U II, where Ai c is a smooth compact manifold with boundary, cf. 
Fig. [T]and Fig.[2j It will be convenient to assume that (0, 1) xf2 C A^cHlL We 
exclude from consideration the case of a manifold Ai with compact boundary 
dAi, assuming that dAi = 0, if d£l = 0. 

Let g G C°°T*Ai® 2 be a Riemannian metric on Ai. We identify the cotangent 
bundle T*II with the tensor product T*M + <S)T*f2 via the natural isomorphism 
induced by the product structure on II. This together with the trivialization 
T*R+ = {(x,adx) : x G R+,a G M} implies that any metric g can be repre- 
sented on LT in the form 

g tn= Qodx ® dx + 2 01 <8) dx + g 2 , g k (x) G C°°T*ft® fe . (2.1) 

Denote by CT*fi® fc the tensor power of the complexified cotangent bundle 
CT*fi with the fibers CT^fi = T*tt <g> C. In what follows C m stands for sec- 
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Fig. 1. Representation Ai = Ai c U II of a manifold Ai without boundary. 

tions of complexified bundles, e.g. we write C°°T*Q® k and C 1 T*fi' 8A: instead 
of C°°CT*n® k and C7 x CT*fi®*. We equip the space C 1 T*Q, 9k with the norm 

||-|| c = max(|-| c (y) + | J D-| c (y)), (2.2) 

where e is a Riemannian metric on Q, | • | e (y) is the norm induced by e in the 
fiber CT^® fc , and D : C 1 T*fi® fe C°T*tt® k+1 is the Levi-Civita connection 
on the manifold (Q, e). 

Definition 2.1 We say that (II, g fn) «s on axza/ analytic asymptotically cylin- 
drical end, if the following conditions hold: 

i. The functions x \- > Qk{x) G C°°T*Q® k in (12.1 p extend by analyticity in x 
from K + to the sector § Q = {z G C : | argz| < a} with some a > 0. 

m. yls 2 tonds to infinity in § Q t/ie function Qo(z) uniformly converges to 1 
in the norm of C 1 ^), the tensor field Qi(z) uniformly converges to zero 
in the norm of C lr T*VL, and the tensor field Q2 (z) uniformly converges to a 
Riemannian metric f) on Q in the norm of C lr T*VL® 2 . 

Definition 12. II is independent of the metric e defining the norm in C 1 T*f2 (glfc . 

In this paper we consider a manifold (A^,g) with an axial analytic asymp- 
totically cylindrical end (II, g fn)- Definition 12.11 allows for arbitrarily slow 
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Fig. 2. Representation Ai = M c U II of a manifold M with boundary, 
convergence of the metric g to the product metric g° = dx <S> dx + t) at infinity. 

We will often work in local coordinates on fi. By {^, /tj} we denote a finite 
atlas on f2. Let y G IR n be a system of local coordinates in a neighborhood 
In the case dfld'Wj ^ we suppose that all w in KjldQa^j] (i.e. in the image 
of the set dQ D ^ under the diffeomorphism Kj) are of the form y = (y',y n ) 
with G M n_1 and w n ^ 0; moreover, the set ^HdQ is defined by the equality 
y n = 0. We will use the notations d ym = and d r y = d r y \d r y \ . . . c^™, where 
r = (ri, . . . ,r n ) is a multiindex, and |r| = I] r m.- Below we give a definition of 
an axial analytic asymptotically cylindrical end in terms of local coordinates. 



Definition 2.2 Let g(x,y) be the matrix corresponding to the representation 
of the metric g in the coordinates (x, y) G R+ x Kj[Qn%fj] on II. Then (II, g \u) 
is an axial analytic asymptotically cylindrical end, if in every neighborhood ^ 
the matrix elements 



3x^ gem (x,-) e C M ( K3 [fin^]) 



have analytic continuations from R + to the sector E> a , and the stabilization 
condition 



— >■ as \z\ — > oo 



(2.3) 



Y,\\d r y (g(z,y)-g(yj) 

|r|<l 

/ioWs uniformly in z G § Q and w G fl i/ere || • || 2 i/ie matrix norm 
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Ilglh = yJ2e, m =o \Sem\ 2 , and the matrix g(y) corresponds to the representation 
of the product metric g* = dx ® dx + f) on U in the coordinates (x, y) . 

The proof of equivalence of Definitions 12.11 and 12.21 is postponed to Section HJ 

Let us give some illustrative examples of manifolds (M, g) with axial analytic 
asymptotically cylindrical ends. Let Q be a bounded domain in R n with smooth 
boundary ($7 is a bounded interval in the case n = 1). By (x,y) and (s, t) 
we denote the Cartesian coordinates in R n+1 , such that x, s G R and y,t G 
R n . Consider a closed domain Ai with smooth boundary, such that the set 
{(x, y) G M. : x ^ 0} is a bounded subset of the half-space {(x,y) G R n+1 : 
x > —2}, and the set {(x,y) G M. : x > 0} is the semi-cylinder II = : 
x G R+,y G Q}. Let the domain 

= {(s,t) G R n+1 : (s,t) = <j>{x,y), (x,y) G M} 

be the image of A4 under a diffeomorphism 0. Assume that <fi satisfies the 
following conditions: 

i. the function x \- > 4>{x,-) G C°°(Q,C n+1 ) has an analytic continuation 
from R + to the sector with some a > 0; 

ii. the elements $ m (2, ■) of the Jacobian matrix </>' = {0£ m }^ m=o uniformly 
tend to the Kronecker delta 5i m in the space C°°(fl) as z tends to infinity 
in the sector § Q . 

Here C°°(f2, C n+1 ) stands for the space of smooth functions acting from Q to 
C n+1 . Let g = </>*g be the pullback of the Euclidean metric g on £ by the 
diffeomorphism (p. Then the metric 

n n n n 

dx®dy m + ^fimtfitjdVm® d Vj 

m=l £=0 mj=l £=0 

on .M has all properties required in Definitions 12.11 and 12.21 For instance, we 
can take 

<f){x,y) = (x, (x + 3) /3 a+ (1 + (x + 3) 7 )y) , a G R n , /3 < 1, 7 < 0, (2.4) 

<j>{x, y) = QH (l + 1/ \og(x + 4)) dx, (l + 1/ log(x + 5))y) . (2.5) 

In the case (12.41) the boundary dQ asymptotically approaches at infinity the 
bent semi-cylinder {(s, t) : s G R + , t— (s + 2) /3 a G Q}, and in the case (12.51) the 
boundary dQ asymptotically approaches at infinity the semi-cylinder R + x dQ, 
cf. Fig. [31 Evidently, the surface dQ in R™ +1 , n ^ 2, can be viewed as a 
manifold (dM.,g fax) without boundary. Then (R + x dQ,g |~R +X an) is an 
axial analytic asymptotically cylindrical end. Let us remark here that to the 
best knowledge of the author the manifold (M.,g), where g is the pullback of 
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Fig. 3. Domain Q C R™ +1 with an asymptotically cylindrical end. 

the Euclidean metric g° by the diffeomorphism (12.51) . is not covered by any of 
the previously known results on spectral properties of the Laplacian due to 
very slow convergence of g to g at infinity. 



3 Aguilar-Balslev-Combes theorem 



In this section we formulate and discuss the Aguilar-Balslev-Combes theorem. 
As preliminaries to the theorem we introduce a deformation of the Lapla- 
cian by means of the complex scaling, define the thresholds, and introduce a 
sufficiently large set of analytic vectors. 

Let (Af,g) be a manifold with an axial analytic asymptotically cylindrical 
end (II, g |n). In this paper we use the complex scaling x M- x + \sr(x) along 
the axis M. + of the semi-cylinder II = R + x Q. Here A is a complex scaling 
parameter, and Sr(x) = s(x — R) is a scaling function with a sufficiently large 
number R > and a smooth function s possessing the properties: 

s(x) = for all x ^ 1, 

^ s'(x) ^ 1 for all x6l, and s'(x) = 1 for large x, 

where s' = ds/dx. The function R + 3 x t— > x + \sr(x) is invertible for all real 
A G (— 1, 1), and thus defines the self diffeomorphism 

II 3 (x, y) ^ x A (x, y) = (x + Xs R (x),y) E U 

of the semi-cylinder II. This selfdiffeomorphism scales the semi-cylinder along 
its axis. We extend >c\ to a selfdiffeomorphism of the manifold Ai by setting 
M\(p) := p for all points p G Af \ II. As a result we get Riemannian manifolds 
{A4,g\) parametrized by A G (—1,1), where the metric gA = x{g is the 
pullback of the metric g by k\. In the case A = the scaling is not applied 
and g = go. Let us remark that h\ and gA both depend on the parameter R, 
however we do not indicate this for brevity of notations. 
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Let A A be the Laplacian on functions associated with the metric gA on At. In 
the case of a manifold At with (noncompact) boundary we also consider the di- 
rectional derivative x d u on dAi taken along the unit inward normal vector given 
by the metric g A . It turns out that the Laplacian A A : C™(Ai) — > C^°(Ai) and 
the operator x d u : C£°(Ai) — >• C^°(dAt) of the Neumann boundary condition 
extend by analyticity in A to the disk 

T> a = {\ E C : \\\ < sin a < l/y/2}, (3.2) 

where a < tt/4 is some angle for which the conditions of Definition 12.11 hold. 

Introduce the Hilbert space L 2 (At) as the completion of the set C%°(Ai) with 
respect to the norm || • || = yj (•, •), where (•, •) is the global inner product 
induced on At by the metric g. From now on we consider A A with A G T> a 
as an operator in L 2 (Ai), initially defined on a dense in L 2 (Ai) core C( A A). 
The operator A A is a deformation of the Laplacian A = °A by means of the 
complex scaling. 

Definition 3.1 In the case dAi = the core C( A A) coincides with the set 
C^°(Ai) of all smooth compactly supported functions on AA. In the case of the 
Neumann (resp. Dirichlet) Laplacian the core C( A A) consists of the functions 
u G C%°(Ai) satisfying the deformed Neumann boundary condition x d v u = 
(resp. the Dirichlet boundary condition u \dM = 0/ 

In general, the operator x d u and therefore the core C( A A) depend on the scaling 
parameter A (it is not the case, if (At, g) is a manifold with a cylindrical end). 

Let (fl, f)) be the same compact Riemannian manifold as in Definition 12.11 
Recall that we exclude from consideration the case of a manifold Ai with 
compact boundary dAi, i.e. the equalities dAi = and dQ = hold only 
simultaneously. If dAi ^ and A is the Dirichlet (resp. Neumann) Laplacian 
on (At, g), then by An we denote the Dirichlet (resp. Neumann) Laplacian on 
(Q, f)). If dAi = 0, then A^ is the Laplacian on the manifold (O, f)) without 
boundary. Let L 2 (Q) be the Hilbert space of all square summable functions on 
(Q, f)). As is well-known, the spectrum of the operator Aq in L 2 (Q) consists 
of infinitely many nonnegative isolated eigenvalues. Let V\ < vi < . . . be the 
distinct eigenvalues of A^. By definition {yj}^ =l is the set of thresholds of A. 

Before formulating our results, we introduce analytic vectors. Consider the 
algebra $ of all entire functions C 3 z i— > f(z) G C 00 ^) with the following 
property: in any sector \^sz\ ^ (1 — e)3t,z with e > the value ||/(^); L 2 (Q) \\ 
decays faster than any inverse power of $tz as ^tz — > +oo. Examples of func- 
tions / G § are f(z) = e~ lz P(z), where 7 > and P(z) is an arbitrary 
polynomial in z with coefficients in C°°(fi). We say that F G L 2 (M) is an 
analytic vector, if F = f on LT for some / G The set of all analytic vectors 
is denoted by A. Later on we will show that the set A is dense in L 2 (At). 
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Theorem 3.2 Consider a manifold (M,g) with an axial analytic asymptoti- 
cally cylindrical end (II, g tn)- Assume that the scaling parameter A is m the 
disk (13.21) . where a < ir/A is the same as in Definition \2.1[ Let the deforma- 
tion X A of the Laplacian A on (.M,g) be constructed with a smooth scaling 
function Sr(x) = s(x — R), where s G C°°(R) meets the conditions (13. ip . and 
R> is sufficiently large. Then the following assertions are valid. 

1. The operator A A m L 2 (Ai), initially defined on the core C( A A), admits a 
closure, denoted by the same symbol A A. The unbounded operator A A with 
A 7^ is non- self adjoint, however the Laplacian A = °A is selfadjoint. 

2. The spectrum 0"( A A) of the operator A A is independent of the choice ofs(x). 

3. /i is a point of the essential spectrum a ess ( x A) of X A, if and only if 

/i = Vj or arg(/i — Vj) = —2 arg(l + A) for some j G N, (3.3) 

where {^j^li is the set of thresholds of A. 
4- o"( A A) = er ess ( A A) U a d ( x A), where ad( x A) is the discrete spectrum of x A. 

5. Let fi G ad( x A). As A changes continuously in the disk T> a , the point fi 
remains in ad{ x A) as long as \i G C \ cr ess ( A A). 

6. Let (•, •) stand for the inner product in L 2 (M). Then for any F,G G A 
the analytic function C \ K + 3 \i i-)- (^(A — /Lt) _1 F, G) /ias a meromorphic 

continuation to the set C\<r ess ( A A). Moreover, \i is a pole of the meromorphic 
continuation with some F,G G A, if and only if fi G o"d( A A). 

7. ^4 point fi G R, sttc/i i/jat 7^ z/^ /or a// j G N ; zs an eigenvalue of the 
Laplacian A, if and only if ft £ Cd( x A) with SA 7^ 0. 

8. The Laplacian A has no singular continuous spectrum. 

A similar result for the stationary Schrodinger operator in M™ is known as the 
Aguilar-Balslev-Combes theorem, see e.g. [TUll51l2"o] and references therein. 

The spectral portrait of the operator A A is depicted on Fig.|H As the parameter 




Fig. 4. Spectral portrait of the deformed Dirichlet Laplacian A, 3A > 0. 

A varies, the ray arg(/x — Uj) = —2 arg(l + A) of the essential spectrum a ess ( x A) 
rotates about the threshold Uj, and sweeps the sector | arg(/i— Uj) \ < 2a. By the 
assertion 4 the eigenvalues of A A outside of the sector | arg^ — ui)\ < 2a do not 
change, hence they are the discrete eigenvalues of the selfadjoint Laplacian A. 
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All other discrete eigenvalues of A A belong to the sector | arg(// — ui)\ < 2a. As 
A varies, they remain unchanged until they are covered by one of the rotating 
rays of the essential spectrum. Conversely, new eigenvalues can be uncovered 
by the rotating rays. In the case OA ^ (resp. OA ^ 0) the operator A A 
cannot have eigenvalues in the half-plane Qyx > (resp. Qfi < 0). Indeed, by 
the assertion 4 a number \x with Qyx > is an eigenvalue of A A with SA #J 0, 
if and only if fi is an eigenvalue of A, but the Laplacian A cannot have non- 
real eigenvalues as a selfadjoint operator. Further, by the assertion 6 the real 
eigenvalues /i G er<f( A A) survive for A = 0: the eigenvalues fj, < V\ become the 
discrete eigenvalues of A, while the eigenvalues fi > v\ become the embed- 
ded non-threshold eigenvalues of A. Only the Dirichlet Laplacian may have 
discrete eigenvalues. Otherwise v\ — 0, and all eigenvalues of A are embed- 
ded into the absolutely continuous spectrum. In view of the fact that any 
non-threshold point fi can be separated from a ess ( x A) by a small variation of 
arg(l + A), the set cr rf ( A A) (and therefore the set of all eigenvalues of A) has 

no accumulation points, except possibly for the thresholds v 2 , (In the 

companion paper (13] we show that the eigenvalues of A are of finite multiplic- 
ity and can accumulate at the thresholds only from below.) Suitable examples 
of manifolds, for which the eigenvalues of A do accumulate at thresholds, can 
be found e.g. in [o"fT3] . By definition, all discrete non-real eigenvalues of A A 
are resonances of the Laplacian. By the assertion 5 the resonances are char- 
acterized by the pair {A, ^4}. They are identified with the complex poles of 
the meromorphic continuation to a Riemann surface of all resolvent matrix 
elements /i f(A — fi)~ l F, G) with F, G G A. The real poles correspond 
to the non-threshold eigenvalues of the Laplacian. The embedded eigenvalues 
are known to be very unstable, under rather weak perturbations they shift 
from the real axis and become resonances, e.g. p]. Readers might have no- 
ticed a certain analogy between the situation we described above and the one 
known from the theory of resonances for N-body quantum scattering problem 
e.g. PfTU] . As shown in [T9f2T)] . there is also a certain connection between N- 
body quantum scattering and spectral theory of the Laplacian on symmetric 
spaces. 

Let us remark here that the assumption a < 7r/4 in Theorem 13.21 is made 
for simplicity only. By taking F and G from different sets of analytic vectors, 
our results extend to all a < 7r/2. However, a = ir/2 is a substantial limit, 
as in contrast to A A with |A| < 1 the deformations A A of the Laplacian with 
arg(l + A) = ±7r/2 are not elliptic operators. 



4 Geometry of the complex scaling 

In this section we deform the Riemannian global inner product on (Ai, g) by 
means of the complex scaling. In terms of the deformed global inner product 
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Fig. 5. The curve = {z £ C : z = x + Xs R (x),x 6 M+} with A G V a . 

we introduce a sesquilinear quadratic form q A associated with the unbounded 
nonself adjoint operator A A in the Hilbert space L 2 (A4). 

Let T*E> a be the holomorphic cotangent bundle {(z, cdz) : z G S a ,c G C} 
of the sector S Q = {z G C : | aigz\ < a < vr/4}, where dz = dtflz + idQz. 
Consider the tensor field 

Q dz ®dz + 2fl! ® dz + 02 G C°°(T'*§ Q ® T*Qf 2 (4.1) 

with the analytic coefficients S a 3 z g k (z) G C°°T*fi® fe , cf. Definition [24] 

Recall that Sr(x) = s(x — R) is the scaling function, where s G C°°(R) has the 
properties (13.1 1) , and R > is a sufficiently large number. For all values of the 
scaling parameter A in the disk (13.21) the complex scaling R + 3 x i— > x+Xsr(x), 
see Fig. [5j defines the embedding 

T*R + 3 {x, a dx} ^ {x + Xs R (x), a(l + As'^x))" 1 ^} G T'*S Q , (4.2) 

where |1 + As^.(x)| > 1 — l/\/2. As before, we identify the bundle T*n with 
the product T*M + <g> T*Q via the product structure on U = M. + x Q. The 
embedding ( 14.2f) together with ( 14.ip induces the tensor field 



gA fe= Qa, x dx ® dx + 2gf A ® + J A G C^T*^ 2 , 
(l + As^(x)) 2 - fc g Jk (x + As i? (x)), 



(4.3) 



where 0& A (x) ^ (7°°T*f2<8>fc are smooth in x G R+ and analytic in A G T> a 
coefficients. Since supps^ n (0, R) = 0, the equality g A \(o,R)xn= g \(o,R)xn 
holds for all A G V a , cf. (12.11) and (14.31) . Thanks to this we can smoothly 
extend g A f n to M. by setting g A tM\n— g \m\u- As a result we obtain an 
analytic function 

V a 3 X^g x e C°°T*M® 2 . 



We consider the tensor field g A with A G T> a as a deformation of the metric g 
on Ai by means of the complex scaling. Clearly, g = g. Moreover, if A G T> a is 
real, then g A coincides with the metric introduced in Section [3] as the pullback 
x A g. By analyticity in A we conclude that g A is a symmetric tensor field. 
The Schwarz reflection principle gives g\ = g A , where the bar stands for the 
complex conjugation. It must be stressed that the tensor field g A with A ^ 
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depends on a sufficiently large number R, however we do not indicate this for 
brevity of notations. On the next step we clarify the behaviour of the tensor 
field gA at infinity, relying on Definition 12. ll of an axial analytic asymptotically 
cylindrical end. 

By Definition 12.11 the analytic functions § a 3 z i— )■ Qk(z) uniformly tend to 
some limits in the norm || ■ || c of C x T*Q® k as \z\ — > oo. Hence the values 
||0£.0jfe(2)||« with q = 1,2, .. . uniformly tend to zero as z tends to infinity in 
the smaller sector {z G C : | aig(z — 1)| < a} C S a ; here d z = (<9sr z — id^ z )/2 
is the complex derivative. Taking into account the properties of the scaling 
function Sr, we conclude that 

R 9 (0o r a(*) - (i + A) 2 )|| e + \\d«Q* x (x)\\ t + ||a2(flJ A (x) - c q (x), 

c q (x) — > as x — > +oo, q = 0, 1, . . . , AG V a , 

where the coefficients $jf A are the same as in (I4.3p . and d x is the real derivative. 
Thus, in the sense of (14 .3p and (14.41) . the tensor field gA stabilizes at infinity 
to the tensor field (1 + A) 2 dx <S> dx + f) on II uniformly in A G T> a . Observe 
also that \x + Asr(x)| ^ R for x ^ R, and hence 

IWa(*) - (1 + As'^x)) 2 )!!, + \\d« Q K x (x)\\ t 

+ \\d^ x (x)-m^C g (R), x^R; (4.5) 
C q (R) as R +oo, q = 0, 1, . . . , AeD Q . 

Since i? is supposed to be sufficiently large, (14 .3p and (14. 5p imply that on the 
subset [R, oo) x Q of II the tensor field gA is close to 

g A := (1 + As^) 2 dx ® dx + f) G C^T*!!® 2 . 

In particular, gA fn is exactly equal to g° A , if (II, g fn) is a cylindrical end; i.e. 
if g |~ n = g, where g = dx <8> dx + \) is the product metric on II. 

In what follows we will often work in local coordinates on Q. Recall from Sec- 
tion [2] that {^jjKj} is a finite atlas on Q, and y G M n is a system of local 
coordinates in Let g(x, ?/) be the matrix corresponding to the representa- 
tion of the metric g in the coordinates (x, y) G M+ x Kj[fl R ^] on II. Let us 
use the Einstein summation convention for the indexes varying from 1 to n. 
Then by virtue of (14.31) the symmetric tensor field gA has the local coordinate 
representation 

gA = gA,oo dx®dx + 2g A , <? dy t ® dx + g x ,e m dy t ® dy m , 

where the matrix g A (x, y) = {g\,i m (x,y)}™ m=0 is given by the equality 

Sx{x, y) = diag {1 + Xs' R (x), Id} g(x + Xs R (x),y) diag {1 + As^(x), Id} . (4.6) 
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Here Id is the n x n-identity matrix, and g(x + Xsp>(x),y) stands for the 
value of the analytic function § tt 9z4 g(z, y) at the point z = x + Xsr(x); 
cf. Definition 12.21 Clearly, T> a 3 X i— > g\(x,y) is an analytic function, whose 
values are complex symmetric matrices. Moreover, g\(x,y) = gj(x,y). 

OO 

To the representation of the tensor field g A with A G V a in the coordinates 
(x, y) there corresponds the invertible matrix 

f A (x,y) = diag{(l + Xs' R (x)) 2 ,h(y)}, (4.7) 

where h(y) is the matrix coordinate representation of the metric f) on Q. Note 
that the matrices g\ and g A both depend on a sufficiently large number R, 
however we do not indicate this for brevity of notations. 

Lemma 4.1 1. Definition \2.1\ and Definition \2.2\ of an axial analytic asymp- 
totically cylindrical end are equivalent. 

2. Let R > be a sufficiently large number. Then the matrix g\(x,y) is in- 
vertible for all X G V a and (x, y) G E + x D and the inverse matrix 
g A 1 (x, y) meets the estimate 

E \\d q x d r y (g^(x,y)- < ix 1 (x,y))\\ 2 ^C(R)forx^R, (4.8) 

g+|r|s;i 

where C(R) tends to zero uniformly in X G T> a , x ^ R, and y G Kj[Q n fflj] 
as R — > +oo. Moreover, 

E ||^;(g A - 1 (x, 2/ )-diag{(l+A)- 2 ,h- 1 ( 2/ )})|| 2 ^0 asx^+oo, (4.9) 
uniformly in X £ V a and y G Kj [Q D ^] . 

PROOF. 1. The proof is straightforward. For brevity we assume that the 
atlas Kj} on Q consists of only one coordinate neighborhood {^, k}. Then 
8o(z,y) = Soo(z,y), Qi(z,y) = g e(z,y)dy £ , and Q 2 (z,y) = g £m (z,y)dy e (g> dy m , 
where y = k(j) and z G E> a . Hence the first condition in Definition 12. II is valid, 
if and only if S a 3 z i-> ge m (z, •) G C°°(fi;[f2 D ^]), where £, m = 0, 1, . . . , n, 
are analytic functions. The metric matrix g(x, y) with x G M+ is symmetric. 
Therefore gt m {z,y) = g me (z,y) by analyticity in z G S a . 

Let .D be the Levi-Civita connection on f2 associated with a metric c. We have 

Dq = (d ye g o) dy £ , Dg x = (d ym g e)dy m ® dy^ + g eDdy e , 
Dq 2 = (d yj ge m )dyj <g> dy^ <g> dy m + g lm D(dy l ® dy m ), 

where Ddyi = —Y^ m dyj (g> dy TO with the Christoffel symbols Tj m related to e, 
and £>(dy^ <g> dy m ) = (Ddy e ) <g> dy m + dy^ <g> -Ddy m . 
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As before, we denote by | • | c (y) the norm induced by e in CT*Q® k . Since 
the manifold (fi, e) is compact, the relation \£edye\ t (y) x |£| holds, i.e. for 
some e > and all y G ft and £ G C n we have e|£| ^ |&^|e(y) ^ l£l/ e - 
As a consequence, after simple manipulations, based on the Cauchy-Schwarz 
inequality, we get 

/ n \ 1/2 

\\q (z) - 1 1| e x max | g 00 (2;,?/) - 1| 2 + ^ l^^gooC^, 2/) | 2 

y \ # 1 



— , — , ,1/2 

lfli(z)llc xmax(^|g 0£ (z,?/)| 2 + ^ l^gtafo y) + H m (j/)goi(*, Z/)| 2 * 

^=1 £m=l 



||fl2(«)-b||e xmaxl 51 |g<m(^,y) - h^ m (|/)| 2 

27 Vm=l 

n \ V 2 

+ X! l^j/j(Sem(2/i z) — he m {y)) + (g y)-htad/W(y)| J 

£,m j'=l 

These relations together with the identity g(y) = diag{l, h(y)} show that 
the second condition in Definition 12.11 is equivalent to the stabilization condi- 
tion Q . 

For all 2; 6 § a with sufficiently large \z\ the matrix g(z,y) is invertible, 
because the metric matrix g(y) is invertible, and the norm \\g(z, y) — g(y)\\2 
is small by the stabilization condition (12.31) . As R > is a sufficiently large 
number, and |x + \sr(x)\ ^ R for x ^ R, the equality (14.61) and the stabiliza- 
tion condition (12. 31) imply that the matrix g^x,?/) is invertible for all x ^ R, 
y G PI Wj], and A G P Q . On the other hand, for all x < R the matrix 
gx(x,y) coincides with the matrix g(x,y) of the metric g, because Sr(x) = 0. 
Therefore the matrix g\(x, y) is invertible for all x G R+, y G fl and 
A G V a . 

Similarly to the proof of the first assertion, from the relations (14. 5 j) we obtain 
2 ||^(g A (x,y) - g A (x,y))|| 2 < c(i2) for x ^ it!; 

?+|r|<l (4.10) 

c(i?) -> as i? — >■ +00, 

where the constant c(i?) is independent of x ^ R, y G /^-[fin^], and A G "Do,. 
Note that (I4.10p can also be derived as a consequence of the stabilization 
condition (12. 3p and the equalities (14. 6p . (14. 7p . The identity 

^(g,- 1 - g^ 1 ) = -g^^g^g,- 1 + g^i^dyg^g-, 1 , q+\r\ = 1, 

together with (14.101) gives the estimate (14.81) . where C(R) tends to zero uni- 
formly in A G V a and (x, y) G [R, 00) x Kj[£l fl ^] as R — > +00. 
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Similarly, the property (14. 9[) is a consequence of (14. 4p (or, equivalently, it 
is a consequence of the stabilization condition (I2.3p . the equality (14. 6p . and 
properties of the scaling function s^). □ 



Recall that with every real A G T> a we associate the Laplacian A A on the 
Riemannian manifold (A4,gA), and also the operator x d u of the Neumann 
boundary condition, if DM. 7^ 0. Observe that A A = °A and *d v = °d u on 
M. \ (supps^ x Vt), because gA = g on this set. At the same time, in the local 
coordinates (x, y) on II D supp x Q we have 



where A G V a r\R, the matrix g A is given in (14. 6p . and V ' xy = (d x , d yi , . . . , d yn ) J . 
Due to the properties of gA, the coefficients a r ^(x,y) of the differential opera- 
tors (14. lip , written in the form J^^xdld^, are analytic functions of A G V a . 
Hence the operators A A : C™{M) ->• C?(M) and x d u : C™{M) ->• C?{dM) 
extend by analyticity from real to all A in the disk T> a . 

In general, the operator x d u and the core C( A A) of the deformed Neumann 
Laplacian A A depend on A G D a ; this is easily seen from ( 14. lip . Definition 13.11 
and illustrative examples in Section [2j For this reason (and also because it 
is convenient to introduce m-sectorial operators via their quadratic forms) 
our study of the analytic family of unbounded operators T> a 3 A i— > A A will 
be based on analysis of the corresponding family of quadratic forms. The 
quadratic form of the operator A A will be introduced in terms of the sesquilin- 
ear form g^[-, ■] on the complexified cotangent space CT*.M, induced by the 
tensor field gA for every p G M. Clearly, the tensor field gA G C°°T* \M® 2 nat- 
urally defines the sesquilinear form g^[-, •] on the complexified tangent space 
CT P M. On the next step we extend g p x [-, •] to CT* p M. 

Observe that for all A G V a the tensor field gA is non-degenerate, because 
gA coincides with the metric g on M. \ IT, and in every coordinate neighbor- 
hood on Q the matrix g\(x,y) is invertible for all A G T> a and x G M + by 
Lemma 14.11 As is well known, a Riemannian metric induces a musical isomor- 
phism between the tangent and cotangent bundles, e.g. [Sj. In a similar way 
the non-degenerate tensor field gA fn induces a fiber isomorphism between the 
complexified bundles CTII and CT*n. Indeed, let £ G CT;n(= T;n ® C) and 
C, rj G CTpII(= TpLT £g> C). In the local coordinates we have 

£ = £odx + £ 1 dyi + --- + £ n dy n , ( = Co d x + (id yi + ■ ■ ■ + ( n d yn , (4.12) 

and a similar expression for 7], where £j, (j, and r]j are complex coefficients. 
Since the tensor field gA fn is non-degenerate, for any £ there exists a unique 




(4.11) 



^ = (o,...,o,i/ v /g^L) gA - 1 u= v. 



if % ndQ^0, 
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C, such that for all r) the following equalities hold 

£rj = i m r\ m = gx,im(x, y)CeV m = gxtC) v]- ( 4 - 13 ) 

Therefore gA \u induces a musical isomorphism A b : CTI1 — > CT*II, such that 
in each fiber we have x \)( = £ with £ m = g\/ m (x, y)(e- The operator inverse to 
A t> will be denoted by A (j. As a result, the non-degenerate tensor field gA induces 
a musical isomorphism A (j : CT*.M — > CT.M between the complexified tangent 
and cotangent bundles. On II this isomorphism coincides with the constructed 
above isomorphism A (j : CT*I1 — > CTII, and on Ai \ [R, oo) x Q it coincides 
with the complexified Riemannian musical isomorphism (j : CT*.M — > CTAt 
induced by the metric g. 

We extend the sesquilinear form g^[-, •] to the pairs (£,a>) G CT*M x CT*M 
by the equality 

g^,u;] = g^[ A K, X M, AGD fl . (4.14) 
If A G T> a is real, then g^[-, ■] is the positive Hermitian form corresponding to 
the Riemannian metric gA on Ai. In particular, gg[-, •] = g p [-, •]. For a non-real 
A G V a we have g-j[[£, u;] = g|{u;,£], and the form g^[-, •] is not Hermitian. 

Similarly, gA with A G T> a induces a sesquilinear form on each tensor power 
CT p M m and CT* p M® k . Since we study the Laplacian on functions, for our 
aims it suffices to consider g^[-, •] on the differential one-forms. 

Lemma 4.2 Assume that the parameter R is sufficiently large. Then there 
exist $ < 7r/2 and 5 > 0, such that for all p G Ai and A G T> a we have 

I ^[^1 ^ 0, 5 g ^i\ ^ HgSfcfl < rVfcfl G ct;m. 

In other words, on the differential one-forms the sesquilinear quadratic form 
g^[-, •] is sectorial and relatively bounded, the sector and the bounds are inde- 
pendent of p and A. 

PROOF. By construction of the tensor field g A , for all p G Ai \{(R, oo) x Q} 
and A G T> a we have g^ = g p . Here g is the Riemannian metric on Ai, and 
therefore g p [£, £] ^ 0. Let p G (R, oo) x Q and ( = A Jj £. In the local coordinates 
we have the representations (14.121) . From (I4.14p and (I4.13P we conclude that 
g\,im(x, y)(m = £,£■ Therefore, by virtue of the fact that g\ = g^, the expression 
g\[ Xl \\ £, A |j £] on the one-forms £ G CT*n can be written as £ • 1 (x, ?/)£, where 
we identify the one-form £ with the vector of coefficients £ = (£ , £i, • • • , £n) T G 
C n , cf. (I4.12p . It remains to show that for all A G T> a and x > R, where 
R > is sufficiently large, the set 

{zeCi^e-g^t/K, £GC" +1 } (4.15) 
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is inside the sector {z G C : | axgz\ ^ of angle 2-d < ir, and the estimate 



^icr < m ■ sx\x, y )o ^ s- i/2 iei 2 , e e c"+\ (4.ie) 

is valid for some 6 > 0. 

By Lemma |4j] the uniform in A G T> a , x > R, and y G /%[f2 fl ^] estimate 

(gj^.y) - S?(x,y))t\ < c(i?)|£| 2 (4.17) 

is valid, where the constant c(i?) is independent of £ G C n+1 , and c(i?) — > 
as i? — > oo. Hence the estimate (I4.17P holds with a given arbitrarily small 
constant c(R) > as R is sufficiently large. 

Recall that the matrix h(y) corresponds to the local coordinate representation 
of the metric 1) on Q. By (14.71) we have 



£ • Sx\x, V)t = (1 + As' fl (x))- 2 |e | 2 + £' • h" 1 ^)^ 



(4.18) 



where £' = (£i, . . . , £ n ) G C n . Since h 1 (y) is a symmetric positive definite 
matrix, we conclude that 



with some C > 0. Taking into account (14.181) . and the inequalities |A| < sin a 
and ^ s' R (x) ^ 1, we arrive at the uniform in A G V a , R > 0, x > R, and 
y G Kj [fl fl estimates 



arg(£- gY(x,y)£)| < 2a < vr/2, 



(4.19) 



where c > 0. These estimates together with the estimate (I4.17p . where c(R) 
is sufficiently small, imply that the set (I4.15P is inside the sector | argz| ^ $ 
with d = 2a + 2 arcsin(c(i?)/2c) < tt/2, and the estimates (I4.16P are valid 
with 5 1/2 = mm{c - c(R), (1/c + c( J R))" 1 }. □ 



Let dvoU with real A G T> a be the volume form on the Riemannian manifold 
(A4,gA). Introduce a density on M, such that Q\ dvoU = dvol . It is clear 
that Q\ = 1 on M. \ (supps^ X ft). At the same time in the local coordinates 
on II we have 

f?A = ^detgo/detgA, dvol A = \J det gA dx A dyi A • ■ ■ A dy n , (4.20) 

where g A is the matrix (14. 6p . and A is the wedge product. Hence Q\ £ C°°(M.) 
is an analytic function of A G V a . Note that the second assertion of Lemma HJ] 
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gives the bounds < c\ ^ |#a(p)| ^ C2, where c\ and C2 are independent of 
p G Ai and A G T> a . We introduce the deformed volume form 

dvol A := — dvol , A G V a , (4.21) 
Qx 

and the deformed global inner product 

(£,")a=/ gA^]dvol A , e,weCfT*M® fc . (4.22) 

Let us stress that for non-real A G T> a the deformed volume form is complex- 
valued, and the deformed inner product (£,w) A = (w,£)a * s no ^ Hermitian. 
Let L 2r T*M® k be the completion of the set C™T*M® k with respect to the 
global inner product (■, ■) = (■, -)o- Observe that Lemma I4~2l together with the 
bounds on g x implies that the deformed global inner product (•, -)a extends 
to a bounded non-degenerate form in L 2r T*Ai® k with k — 0, 1; i.e. for some 
c > and all £,oj G L 2 T*M® k we have |(£,w) A | 2 ^ c(£, £)(u;,u>), and for any 
nonzero f G L 2 T*A^ lg,fc there exists w G L 2 T*A4® fc , such that {£,<*)) x ^ 0. 
If A G T> a is real, then (•, -) A is the global inner product on the Riemannian 
manifold (/A, g x ), and J (-, -) A is an equivalent norm in L 2 T*.M® fc , = 0, 1. 

Let d : C£°(.M) -> C^T*^ be the exterior derivative. We introduce the 
sesquilinear quadratic form 

q A [u,v] = (du, d(g x v)^ x , u, v G C(q A ), A G X> a , (4.23) 
where C(q A ) is a core. 

Definition 4.3 In the case dA4 = 0, and also in the case of the Neumann 
Laplacian, we take C(q A ) = C^°(Ai). In the case of the Dirichlet Laplacian 
the core C(q A ) consists of the functions u G C^°(Ai) with u \qm— 0- 

The core C(q A ) is independent of A G V a and dense in L 2 (A4). Moreover, 
C( A A) C C(q A ), cf. Definition O For all u G C( A A) and v G C(q A ) the Green 
identity (du, dv)\ = ( A Au, v) x can be verified e.g. in local coordinates. This 
together with (14.231) and the definition of the density Q\ gives 

q x [u,v} = ( x Au,v), u G C( A A),f G C(q A ). (4.24) 

Thus to the unbounded operator A A in L 2 (M) with the domain C( A A) there 
corresponds the unbounded quadratic form q A with the domain C(q A ). 
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5 Analytic families of quadratic forms and operators 

In this section we study the unbounded quadratic forms qA and the correspond- 
ing unbounded operators A A in the Hilbert space L 2 (M). We show that the 
forms are closable, and their closures define an analytic family T> a 3 A i— > q x 
in the sense of Kato [14] . This allows us to see that the closure of A A is an 
m-sectorial operator in L 2 (Ai), and the resolvent ( A A — fi)^ 1 is an analytic 
function of A and fi on some open subset of V a x C. 

We represent the form (14.231) as the sum 



of two sesquilinear quadratic forms. For the first term in the right hand side 
of (15. ip we prove the following assertion. 

Lemma 5.1 There exist d < n/2 and 5 > 0, such that for all A G T> a we have 

| &rg(g x du, g^0a| ^ S(du,du)o ^ $t(g\du, du)\ ^ 5^ 1 (du, du)o Vw G C(qA). 

In other words, the form (g\d-, d-)\ on the functions in C(qA) is sectorial and 
relatively bounded, the sector and the bounds are independent of A G T> a . 



where dvolo is the Riemannian volume form on (A^,g). Thus the assertion is 
a direct consequence of Lemma 14.21 □ 



On the next step we show that the form (du,vd~g x )\ in the right hand side 
of (15. ip has an arbitrarily small relative bound with respect to the form 
(g\du,dv)x uniformly in A. 

Lemma 5.2 For any e > and all u G C(qA) the estimate 



q A [u, v] = (g x du, dv) x + (du, vdg x ) x 



(5.1) 



PROOF. Owing to EI} and <KT3f we have 




\(du, udg x ) x \ ^ e\(g x du,du) x \ + Ce 1 (u,u) 



holds, where the constant C is independent of e, u, and A G V, 
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PROOF. We have 

\(du, udg x )x\ < / \gx[du,udg x ]/gx\ dvol 

^ c(J |g A [^,^ A ]| 2 dvol o y *(J |^| 2 dvolo) 1 2 (5-2) 
^ c(e / IgA^G^j^dvolo+e™ 1 ^,^)) 

with arbitrarily small e > and C = 1 / inf pg _^ g x (p) ■ From Lemma 14.21 it fol- 
lows that |3g^[£, £]| ^ (tan-#)!Kg^[£, £], where $tg P x[-, ■) defines an inner product 
in the space CT*A4. This and the Cauchy-Schwarz inequality give 

\gx[du, dg x }\ 2 < (1 + tan$) 2 3ftg^[dw, du] $tg p x [dg x , dg x \. 

Evidently dgx = on \ {{R, oo) x Q}. Below we establish the uniform in 
A G V a and p G (R, oo) x estimate Kg^^A, g^£?a] < c. 

In the local coordinates (x, y) we have 

s Kg P x[dgx,dgx]=m-g x 1 (x,y)0^5- 1/2 \Z\ 2 , 

where £ = V xy gx(x, y), cf. ( I4.16p . As R is sufficiently large, from Lemma I4TT1 
it follows that 



< c ^ |detg A (x,y)| ^ 1/c, \d r x d*detg x (x,y)\ ^ c r? , 

where r + \q\ = 1, and the constants c and c rg are independent of x > R, y G 
/■Cj[On^-], and A G Pq. This and (I4.20p lead to the estimate \ V xy Qx(x, y)\ 2 ^ C 
for all A G Pq,, x > R, and y G R <^]. 

Thus \g p x [du, d~g x }\ 2 ^ c(l + tan , d) 2 ?R,g p x [du, du], and finally we get 

/ \gx[du, dg x ]\ 2 dvol < c(l + tan $) 2 3ft / gA[rfw, <iw] dvol 

J M J M 

= c(l + tan$) 2 9ft(0,\efai, g^Oa ^ c(l + tan^) 2 |(^A^M, du)\\. 

This together with ( 15. 2p establishes the assertion for C = C 2 c(l + tan$) 2 and 
an arbitrarily small e = Cc(l + tan$) 2 e. □ 



Proposition 5.3 Introduce the Hilbert space D(q^) as the completion of the 
core C(q>) with respect to the norm J (du, du)o + ||w|| 2 . Then the family of 
unbounded quadratic forms T> a 3 A i— > qx with the domain D(q^) is analytic 
in the sense of Koto [L$ ; i.e. qx is a closed densely defined sectorial form, 
D(q A ) is independent of X, and the function V a 3 X i-> q A [it, w] is analytic for 
any u G D(q A ). Moreover, the sector of qx is independent of X. 
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PROOF. It is clear that the nonnegative form q , qo[u, u] = (du,du)o, with 
the domain D(q A ) is densely defined and closed. The domain D(q A ) is inde- 
pendent of A, because the core C(q A ) and the norm \J (du, du) + \\u\\ 2 are 
independent of A, cf. Definition 14.31 

As a consequence of the equality (15.11) and Lemmas 15.11 15.21 we obtain 

| arg(q A [M,w] +7lM| 2 )| < (5-3) 

5(du, du) ^ $lq\[u, u] + 7||m|| 2 , $tq\[u, u] < d^Udu, du) + ||w|| 2 ) (5.4) 

with some angle d < tt/2 and some positive constants 5 and 7, which are 
independent of u G C(q A ) and A G V a . 

The estimate (15.31) shows that q A is a sectorial form in the space L 2 (A4), and 
the sector is independent of A G V a . We recall that i) a sequence of functions 
{uj} is said to be q A — convergent, if Uj is in the domain of q A , \\uj — u\\ — > 
and q\[uj — u m ,Uj — u m ] — > as j, m — >■ 00; it) the form q A is closed, if 
every q A -convergent sequence {uj} has a limit u in the domain of q A , and 
qx[u — Uj,u — Uj] — > 0. From the inequalities 

3?q A [u, u] + 7||m|| 2 ^ \q\[u, u] + 7||w|| 2 | ^ (cos , #)~ 1 (3ftq A ['U, u] + 7||w|| 2 ) 

together with the estimates (15 .4p . we conclude that the form q A with the 
domain D(q A ) is closed. 

Let us show that for any u G D(q A ) the function T> a 3 A 1— > q\[u,u] is 
analytic. Let {uj} be a sequence in C(q A ) convergent to u in the norm of D(q A ). 
Then the analytic functions V a 3 A (->■ q\[uj,Uj] converge to the function 
A 1 — y q\[u,u] uniformly in A G V a as j — > +00. Indeed, as a consequence of 
the estimates (15. 3p and (15 .4p we get 

|q A [n i ,w i ] - q x [u,u]\ 2 ^ 4|q A [w i -u,Uj] + "f(uj - m,^] 2 
+ 4|q A [u, u - uj] + j(u,u- Uj) \ 2 + 27 2 (||u.,-|| 2 - |M| 2 ) 2 
^ 4(1 + tan ■d) 2 (5~ 1 ((du jl du j ) + (du,du) ) + (7 + 5 _1 )(||^|| 2 + ||u|| 2 )) 
x (5~ x {dUj - du,duj - du) + (7 + 5 _1 )||M j - u|| 2 ) + 27 2 (||m|| 2 - ||?ij|| 2 ) 2 , 

where the right hand side is independent of A, and tends to zero as j — > 00. 
Hence the limit V a 3 A 1— > q A [?i,w] is an analytic function. □ 

Theorem 5.4 Let the assumptions of Theorem \3.2\ be fulfilled. Then the fol- 
lowing assertions are valid. 

1. The operator A A in L 2 (A4), initially defined on the core C( A A), admits a 
closure. The domain of the closure will be denoted by D( A A). 
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2. The operator A A with the domain D( A A) is m-sectorial, and its sector is 
independent of A G T> a . (Here m-sectorial means that the numerical range 
{z G C : z = ( a A-u,-u),m G D( A A)} and the spectrum cx( A A) of the operator 
A A both lie in some sector {z G C : | aig(z — 7)! ^ $} of angle 2d < tt.) In 
particular, the Laplacian A = °A is a nonnegative selfadjoint operator. 

3. The resolvent F 3 (A,//) 1— >■ ( A A — is an analytic function of two vari- 
ables on the open set T = |(A, //) : A G V a , \i G C \ er( A A)j. 

PROOF. By Proposition 15.31 the form qA is densely defined, sectorial, and 
closed. The equality (I4.24p extends by continuity to all v G D(qA) and u G 
C( A A). This implies that the deformed Laplacian A A, initially defined on the 
dense in D(q A ) core C( A A), is closable. The closure is an m-sectorial operator. 
Indeed, the set of all densely defined closed sectorial sesquilinear forms and 
the set of all m-sectorial operators are in one-to-one correspondence e.g. [HJ 
Chapter VI.2.1]. Namely, to every form qA there corresponds a unique m- 
sectorial operator A A in L 2 (M), such that its domain D( A A) is dense in D(qA), 
and c\\[u, v) = ( A A«,ti) for all u G D( A A) and v G D(q A ). Moreover, the 
sector of A A coincides with the sector of the form qA- In particular, to the 
symmetric nonnegative form qo there corresponds a nonnegative selfadjoint 
operator °A = A. The assertions 1 and 2 are proven. 

By Proposition 15.31 the family of forms T> a 3 A 1— > q\ is analytic in the sense 
of Kato. By definition this means that the family of m-sectorial operators 
T> a 3 A (—7- A A is an analytic family of type (B). As is known, any analytic 
family of type (B) is also an analytic family of operators in the sense of 
Kato e.g. [25lfl4] . Now a standard argument justifies the assertion 3, e.g. [25| 
Theorem XI 1. 7]. □ 



6 Localization of the essential spectrum 

Consider the domain D( A A) of the m-sectorial operator A A as a Hilbert space 
with the norm ^/|| • || 2 + || A A • || 2 . We say that p is a point of the essential 
spectrum a ess ( x A), if the bounded operator A A — fi : D( A A) — > L 2 (M) is 
not Fredholm. Recall that a bounded linear operator is said to be Fredholm 
(or, equivalently, possesses the Fredholm property), if its kernel and cokernel 
are finite-dimensional, and the range is closed. In this section we prove the 
following theorem. 

Theorem 6.1 Let the assumptions of Theorem \3.2\ be fulfilled, and let A G T> a 
be fixed. Then the continuous operator A A — fi : D( A A) — > L 2 (M) is Fredholm, 
if and only if ji G C does not meet the condition (13. 3p . 
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The proof of Theorem 16.11 is essentially based on methods of the theory of el- 
liptic non- homogeneous boundary value problems [T8fl5|ll6] . This theory pro- 
vides us with necessary and sufficient conditions for the Fredholm property 
of operators of non-homogeneous elliptic boundary value problems on At un- 
der an assumption on stabilization of their coefficients at infinity In fact, the 
needed stabilization of the coefficients of the operator A A (and also of the op- 
erator x d u , if dAi 7^ 0) is guaranteed by the relation (14.91) in Lemma [4.11 and 
the local representations (14.111) . Once the ellipticity of the deformed Laplacian 
is established, Theorem 16.11 can be obtained by known methods of the men- 
tioned elliptic theory, except for necessity of the condition on [i in the case 
dAi ^ 0. 

In the next two lemmas we show that the deformed Laplacian is an elliptic 
operator on Ai. Then we prove Theorem 16.11 

Lemma 6.2 Let the assumptions of Theorem \3.S\ be fulfilled. Then for all 
A G T> a the deformed Laplacian A A is a strongly elliptic differential operator 
on the manifold Ai . 

PROOF. Since A is a strongly elliptic operator, and A = A A outside of 
the subset (R, oo) x Q of the manifold Ai, we only need to check that the 
deformed Laplacian A A is strongly elliptic on (R, oo) x Q, provided that R > 
is sufficiently large. (We recall that A A depends on R, however we do not 
indicate this for brevity of notations.) 

We will rely on the representation (14. lip of the operator A A in the local coordi- 
nates. Consider the principal symbol £ • 1 (x, y)^ of A A on IT, where £ G W l+1 
and (x,y) G (R, oo) x Kj[^/j fl Q). The operator A A is strongly elliptic due to 
the estimate (14.161) established in the proof of Lemma 14.21 □ 

In the case of a manifold Ai without boundary the deformed Laplacian is an 
elliptic operator by Lemma 16.21 In the case dAi /0we also need to verify 
the validity of the Shapiro-Lopatinskii condition on dAi. As is well known, 
the Shapiro-Lopatinskii condition is always satisfied for a strongly elliptic op- 
erator and the Dirichlet boundary condition, e.g. [17] . Therefore the deformed 
Dirichlet Laplacian is an elliptic operator on M. In the following lemma we 
check the validity of the Shapiro-Lopatinskii condition for the deformed Neu- 
mann Laplacian. 

Lemma 6.3 Let the assumptions of Theorem \3. 6 A be fulfilled, and dAi ^ 0. 
Then for all A G T> a the strongly elliptic operator A A and the operator *d u 
of the deformed Neumann boundary condition satisfy the Shapiro-Lopatinskii 
condition on dAi. In other words, the deformed Neumann Laplacian is an 
elliptic operator on Ai . 
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PROOF. The complex scaling does not deform the Laplacian and the op- 
erator of the Neumann boundary condition outside of (R, oo) x Q c At. As 
is well known, the Neumann Laplacian satisfies the Shapiro-Lopatinskii con- 
dition, e.g. |27J. Thus we only need to prove that the Shapiro-Lopatinskii 
condition is valid for the strongly elliptic operator A A on (R, oo) x Q with the 
operator > d u of the deformed Neumann boundary conditions on (R, oo) x dfl. 
We recall that the operators A A and x d u both depend on R, however we do not 
indicate this for brevity of notations. 

The scheme of the proof is as follows. We first consider an auxiliary bound- 
ary value problem on (R, oo) x Q for a strongly elliptic operator, and show 
that this problem satisfies the Shapiro-Lopatinskii condition. As is known, 
this condition implies that the corresponding parameter-dependent problem 
on the half-axis IR + is uniquely solvable in the scale of Sobolev spaces. Then 
we consider the parameter-dependent problem on M + that corresponds to the 
deformed Neumann Laplacian. We prove that this homogeneous problem has 
no nontrivial solutions in the Sobolev space if 2 (M + ), and therefore the de- 
formed Neumann Laplacian satisfies the Shapiro-Lopatinskii condition. Here 
we rely on the fact that for large R the operators of these two problems on 
M + are close to each other in the operator norm. This is a consequence of the 
estimate (14. 8p in Lemma 14.11 

Recall that A^ is the Laplacian on the compact manifold (Q, f)). Consider the 
auxiliary operator A^ — ((1 + As' R (x)) _1 on (R, oo) x fi. Observe that its 

principal symbol is ^•g^ 1 (x, y)£, where £ G IR n+1 , (x, y) G (R, oo) x /■^•[^•flfi], 
and g\(x, y) is the matrix (14. 7p . Therefore the operator is strongly elliptic due 
to the inequalities (14. 19j) . 

Let d v be the operator of the Neumann boundary conditions on (R, oo) x dfl 
taken with respect to the product metric g = dx <8> dx + f). Let us check the 
validity of the Shapiro-Lopatinskii condition on (R, oo) x dQ for the pair 

{A n -((l + Xs' R (x))- l d x ) 2 ,d v }. (6.1) 

Let {^j} be a sufficiently fine open cover of Q. In every neighborhood ^ with 
fyj Ddfl 7^ we pick boundary normal coordinates y = (y', y n ) on (f2, f)), such 
that d Vn coincides with the unit inward normal derivative given by the metric 
f). Then (x, y) are local boundary normal coordinates on the semi-cylinder 
(n, g"). In this coordinates we have the product metric representation 

g(y) = dx®dx+ J2 Kd{y)dy m <g)dy e + dy n ®dy n . 

m,l=l 
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The principal part of the Laplacian at the points (y', 0) of ^ D dQ has 
the form —Q(y',d y >) — <9 2 n . Here Q(y',£') is a positive definite quadratic form 
in £' G R n_1 , whose coefficients are functions of y' . Let £ = (£o>£') ^ The 
Shapiro-Lopatinskii condition for the pair (16. ip is satisfied at a point (x, y', 0), 
if for all £ G R n \ {0} the parameter-dependent problem on M + 

((l + As' /? (x))- 2 £ 2 + g( 2 /',O-C) u (^) = 0for ^ eM +' ^u(0) = (6.2) 

has no nontrivial solutions, which are exponentially decaying as y n — > +oo. 
For £ 7^ 0, any bounded solution of (16.21) must be a multiple of 



e -Vn y/(l+M R (x))-*%+Q(y'£')^ 

Due to the inequalities ^ s 'r{ x ) ^ 1 an d |A| < sin a < 2 -1 / 2 we have 
3?(1 + As^(x))~ 2 > 0, and therefore 

dyne -Vn^+^))-^+Q(v'4') L=o= - v /(i + A s' i? (x))- 2 £ 2 + g( Z/ ',a ^ 

for all £ G IR n \ {0}. Thus the pair (16.11) satisfies the Shapiro-Lopatinskii 
condition on (R, oo) x <9f2. 

On the other hand, it is well known [T6|27|I17] that the pair ( 16 .ip satisfies the 
Shapiro-Lopatinskii condition at (x, y', 0), if and only if for all £ G M n \ {0} 
the mapping 

F 2 (R+) 3 u {((i + As' /? (x))- 2 £ 2 + g( 2/ ',r)-C) u '^ u (°)} G L2 ( R+ ) x c 

realizes an isomorphism; here the space L 2 (M + ) and the Sobolev space if 2 (M + ) 
are endowed with the usual norms 



roo \ 1/2 / ^ 1/2 

U 2 (R+) = [ / l%n)| 2 Gk/J , ||U||^(M + ) = (53Kn U Hi 2 (K + ) 



Hence for all (6R"\ {0} and u G H 2 (R + ) the estimate 

iiuii^( R+) < c(|((i+ \s' R (x)r 2 e +Q(y',o -<t>L (K + i^u(o)i) 

(6-3) 

holds, where the constant C may depend on £, x, ?/, A, and R, but not on u. 
Our next aim is to show that there exists a universal constant C, such that 
the estimate (I6.3P remains valid for all £ G S™ = {£ G IR n : |£| = 1}, x > R, 
y\ A G V a , and R ^ 0. 

Observe first that the constant C in (16. 3p is independent of R, because the 
estimate (16. 3p with R replaced by R can be obtained from (16. 3p by the change 
of variables x i-> x + R — R. Without loss of generality we set R = 0. 
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The function s' = s' , and therefore the estimate (16. 3p . depend on x only on a 
compact subset K of IR + , cf . (13.11) . We can cover the compact set K x T> a x S n 
by a finite number of sufficiently small neighborhoods. As before we justify the 
estimate (16. 3 p for a fixed point (x, A, £, y'). As (x, A, £, y') varies in a sufficiently 
small neighborhood of (x, \,£,y f ), the estimate 



((l + \s'(x))- 2 i 2 + Q(y',O)u 

-((i + \s'(x))- 2 e +Q(y',e))u 



L2(R+) 



< ell u I 



(6.4) 



remains valid for some e < 1/C. Then (16 .4p together with (16. 3 p implies 
HuH^^a/C-e)-^ ((1 + As'(x))- 2 f 2 



L2(R+) 



+ l^u(0)| 



(6.5) 



We have proved that there exists C < oo, such that the estimate (I6.3P is valid 
for all £ G S n , x > R, (y', 0) G ^[dfi n A G P a , and R ^ 0. 



Let gA(^,y) be the matrix (14.61) . We take the principal part of the deformed 
Laplacian A A written in the local coordinates, cf. (14.111) . Then we freeze the 
coefficients of the principal part at a point of the boundary, and replace d x by 
— i£o and d y i by As a result we get the parameter-dependent operator 

(^id yn )g^(x,y\0)(^id yn )\ y n G E + . 

The deformed Neumann boundary condition x d u u = can be written in the 
local coordinates as follows 

(0, . . . , 0, l/^g^ nn (x,y',0))g^(x, y\ 0)V xy u(x, y', 0) = 0, 



cf. (14. lip . The deformed Neumann Laplacian satisfies the Shapiro-Lopatinskii 
condition at (x, y', 0), if for all \ {0} the problem 



(^^ yn )g x 1 (x,y',0)( y ^,idy n yu( y y n ) = for y n G 



(6.6) 



(0, . . . , 0, l/^g^ nn (x,y',0))g^(x, y', 0)(£, ^J T u(0) = 
has no nontrivial solutions, which are exponentially decaying as y n — > +oo. 
In the boundary normal coordinates we have 

(i + \s' R (x)r 2 e + Q(y',a - c = (e^grw^xe,^, 



id, 



Un 



0, . . . , 0, iNg^Uxi y>, 0) )g- x 1 (x, y', 0)(£, »$Jt 



where g\(x,y) is the matrix (14 .7\\ . 
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Recall that the matrices g\(x,y) and g\(x,y) both depend on R. Moreover, 
by virtue of Lemma |4.1[ g^ 1 (x,y) tends to g^" 1 (a;, y) uniformly in x > R, 
y G Kj[Q PI and A G V a as R — )■ +00. As a consequence we have the 
uniform in £ G S™, x > R, y', and A G T>o, estimates 



IK6,^/J(gA (x,y',Q)-Sx (^,y / ,o)j(C,^) T u||L2(H + ) ^ c(i?) ||u|| H2(K+) , 

(0, . . . , 0, l/ v / gin(^,2/',0))gr 1 (x, j/', 0)(£, ^ y J T u(0) - zc^u(O) 

< c(-R)I|u||h2 (h+) , 

where c(i?) — > as i? — » +00. These estimates together with (16. 3p imply that 

II u IIh2(ir + ) ^c(#)(||(£,^j 

Sa 1 ^ y'i o)(£> ^J Tu IU 2 (k + ) 



+ 



(0, . . . , 0, l/ V /g A :,L(x, 2 /',0))g A - 1 (x, y', 0)(£, i^)Tu(O) 



(6.7) 



where the constant C(i?) = (1/C — c(i?)) 1 is positive (for all sufficiently large 
R) and independent of £ G S n , x > R, y 1 , and A G D a . 

Substituting u(y n ) = v(|£|y n ) into the problem (16.61) . we get 

(\^^d yn )g^(x,y',0m-%td yn yv(y n ) = for y n Gl +1 

(0, . . . , 0, l/ V /g A -,L(^,2/',0))gA 1 (x, y', 0)(Kr 1 e, ^ y J T v(0) = 0. (6 ' 8) 

Consequently, the problem (16. 6p has an exponentially decaying solution u for 
some £ G M n \{0}, if and only if there exists an exponentially decaying solution 
v of the problem (16.81) . where G S n . In the estimate (16. 7p we replace u 

by v and £ by and conclude that the problem (16. 8p with G S n 

has no nontrivial solutions v G H 2 (R + ). Therefore for any £ G lR n \ {0} the 
problem (I6.6p has no exponentially decaying solutions. This proves that there 
exists a sufficiently large R > 0, such that the deformed Neumann Laplacian 
is an elliptic operator on M. for all values of the scaling parameter A in the 
disk V a . □ 



Proof of Theorem 16.11 We prove the theorem for the case of the deformed 
Neumann Laplacian A A on A^. In the case dM. = 0, as well as in the case 
of the deformed Dirichlet Laplacian, the proof is similar, and in fact simpler, 
cf. [12]. We leave it to the reader. 

We will rely on the following lemma due to Peetre, see e.g. [T71 Lemma 5.1], 
[T6l Lemma 3.4.1] or [21]: 

Let X,y and Z be Banach spaces, where X is compactly embedded into Z. 
Furthermore, let £ be a linear continuous operator from X to y. Then the 
next two assertions are equivalent: (i) the range of C is closed in y and 
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dimker£ < oo, (ii) there exists a constant C, such that 



\\u\\ x ^C{\\Cu\\ y +\\u\\ z ) WueX. (6.9) 

Sufficiency. Here we assume that the spectral parameter /x does not meet 
the condition (13. 3p . and establish an estimate of type (16. 9p for the deformed 
Neumann Laplacian. 

We first show that the operator A A on Ai and the operator ^ of the deformed 
Neumann boundary condition on dAi stabilize at infinity in a certain sense. 

Consider the differential operator Aq — (1 + X)~ 2 d1 in the infinite cylinder 
1x0. By d v we denote the operator of the Neumann boundary condition on 
M. x dQ, taken with respect to the product metric dx £g> dx + f) on K. x Q. Let 
T > be so large that s^(a;) = 1 for all x ^ T (here Sr(x) = s(x — R) with a 
function s obeying the conditions (13. ip and a sufficiently large fixed parameter 
R). Then for all x ^ T we can write the differences A A — (A^ — (1 + A)~ 2 <9 2 ) 
and x d u — d v in the local coordinates (x, y) on LT as follows: 



1 



-==V xy ■ yj det g A g A 1 V xy - V xy ■ V det g A g A 1 V* 

VdetgA A/detgx 



(6.10) 



0, . . . , 0, 1/ Jg^ nn ) IV - (0, . . . , 0, l/ V /gi)gA 1 ) \y n =o V xy , 



where g\ is the matrix ( 14 .61) . and g\ is the matrix (14. 7p . Due to the prop- 
erty (14. 9 p of g^ 1 , the coefficients of the operators (16. lOf) uniformly tend to 
zero as x +oo. In this sense A A and x d v stabilize at infinity to the operators 
Aq — (1 + \)~ 2 d1 and d v , whose coefficients are independent of x. 

Introduce the Sobolev space H e (R x Q) of functions on the infinite cylinder 
R x Q as the completion of the set C£°(M x Q) with respect to the norm 



MU<(Rxfi) = (^E l&ll^-^)^) 



where H e (fl) is the Sobolev space of functions on the compact manifold Q. 
Here and elsewhere the norms in the Sobolev spaces on smooth compact man- 
ifolds are defined in local coordinates with the help of a finite partition of 
unity; e.g. H e (Q) is the completion of the set C£°(Q) with respect to the norm 

IMI*(n) = fe / M , E m 3 u){y)\*dy) 112 , 

where /%} is the atlas on Q, and {<pj} is a partition of unity subordinated 
to the cover {^}. Although the norm in H e (Q) depends on the atlas and the 
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partition of unity, the norms corresponding to different atlases and partitions 
of unity are equivalent. 

Let if 1//2 (Rx<9f2) be the space of traces u \mxdn of the functions u G if 1 (MxO). 
By applying the Fourier transform J- x ^ we pass from the continuous operator 

{A n -{l + \y 2 d 2 x -n,d v } : H 2 (RxQ) -> H°(R x O) x H 1/2 (R x dfi) (6.11) 

of the Neumann boundary value problem in the infinite cylinder R x f2 to the 
operator {Aq + (1+A)~ 2 £ 2 — p, c^} of the Neumann boundary value problem on 
(O, f}). Assume that p does not meet the condition (I3.3P or, equivalently, that 
for any £ G R the number p— (1+A)~ 2 £ 2 is not an eigenvalue Vj of the Neumann 
Laplacian on (Q, f)). Then a known argument, see e.g. ^L8\ Theorem 4.1] or [T6| 
Theorem 5.2.2] or [151 Theorem 2.4.1], shows that the operator (16. lip realizes 
an isomorphism. In particular, the estimate 

IMIflapun) ^ c (\\( A n - + >^y 2 dl - fi)u\\ H o {Rxn) + \\d v u\\ H i/2 {Rxdn) ) (6.12) 

is valid with an independent of a 6 if 2 (R x Q) constant C = C(p, A) > 0. 

Let Xt(x) = x{ x ~ T), where x C°°(R) is a cutoff function, such that 
x(x) = 1 for x ^ —3 and = for x ^ —4. As a consequence of the 
stabilization of A A and *d v at infinity, we obtain the estimate 

|| ( A A - A n + (1 + \)- 2 d 2 x )xTu\\ H °( R xn) 

+ \\( Xd » ~ dr,)XTu\\ H i/2 {Rxdn) < c(T)\\xtu\\ H 2(tslx{i), 

where c(T) — > as T — > +oo. This together with (16.121) implies that for a 
sufficiently large fixed T = T(p, A) > the estimate 

\\XTu\\ H 2 {Rxn) < C ( || ( A A - h)xtu (I Hf(Rxn) + l| A ^XT«||#i/2( Rx 9fi)) (6-13) 

holds, where the constant C = (1/C — c(T)) -1 > may depend on p and A, 
but not on u G if 2 (R x Q). 

Without loss of generality we can assume that (0, T) x Q c A4 C , cf. Fig [2J 
If it is not the case, then we take a larger smooth compact manifold Ai c , 
inserting the cylinder (0, T) x fi instead of the part (0, 1) x Q of A4 C ; recall 
that (0, l)xflc M. c H II by our assumptions in Section [31 

Let p, £ G C£°(.M) be some cutoff functions, such that p = 1 on M. \ (T — 2, oo) 
and p = on (T — 1, oo) x Q, while <jp = p and supp <j C A4 C . We assume that 
u G C£°(.M), and s x d v u is extended from dM c fl 9.M to &M C \ dM by zero. 
As the deformed Neumann Laplacian is an elliptic operator on Ai, the local 
coercive estimate 

Wpu\\h2(m c ) < C(lk A Au|U2 (M ) + |k A ^w|Ui/2 (9Mc) + \\su\\ L 2 (M) ) (6.14) 
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can be obtained in a usual way from local elliptic coercive estimates in M. n+1 
and M n x M + by gluing them together with the help of local coordinates and 
a finite partition of unity on (M. c ,g \m c )- ( m (EH]) an d further in this proof 
we write || • 1 1 (vvt) f° r the norm in L 2 (M) for uniformity of notations.) We 
rewrite the estimate (16 . 1 3[) for u £ C™(M.) in the form 

||Xtm||h 2 (mxq) ^c(||xt( A A — ^)w||iro( Rx n) + \\XT X d l yu\\ H i/2 (Kxdn - ) 
+ ||[ A A> XT]w||ffO( Rx n) + ||[ A ^,XT]w||jji/2(R X an)), 

where the commutators [ A A, Xt) and [ x d u , Xt) are equal to zero outside of the 
set (T — 5, T — 2) x Q c M. c - Since p = 1 on this set, we get the estimate 

II [ A A, XrHI h°(rxu) + H[ A ^)Xr]M|| J H'i/2(iRxan) ^ C|Ip m II// 2 (a^ c )- 
Due to stabilization of g at infinity to the product metric dx ® dx + f) we have 

\\XTF\\ 2 H0{Rxn) = [ \\ X TF\\l 2m dx ^ C\\F\\l 2{M) VF £ L 2 (M). 

Before proceeding further, introduce the Sobolev space H 2 (M) as the com- 
pletion of the set C^°(A4) with respect to the norm 

IMI# 2 (.M) : = ||XTw||tf 2 (]Rxn) + ||P M ||// 2 (M C )- 

We also introduce the space of traces if 1/,2 (<9.M) as the completion of the set 
C£°(d lM) with respect to the norm 

IMIf^/^aA/O = W'X.Tu\\ H l/2( WLxdn > ) + \\su\\ H i/2( 9Mc y 

Then from the last four estimates it follows that 

\\u\\hz(m) < C(\\( X A - n)u\\ L 2( M ) + || x d v u || H i/2 (9M) + \\su\\ L 2 {M) y (6.15) 

where the constant C depends on A and fi, but not on u £ H 2 (M). Due to 
the stabilization of g at infinity to dx ® dx + f) we also have the estimate 

\\ x /\u\\ L 2 {M) + | \ x d u u\\ H i/2 {dM) + \\u\\ L 2 {M) ^ c\\u\\ H 2( M) \/u £ H 2 (M), 

which can be easily verified in local coordinates. This together with the esti- 
mate 06.151) implies that || • H^w^ is an equivalent norm in the space D( A A). 

Let w be a bounded rapidly decreasing at infinity positive function on Ai, 
such that the embedding of H 2 (Ai) into the weighted space L 2 (.M,w) with 
the norm ||w • ||l 2 (.m) is compact. Then D( A A) is compactly embedded into 
L 2 (A4,\n). As a consequence of (16.151) we obtain the estimate 

\\u\\hhm) ^ C(||( A A - fi)u\\ L 2 {M) + \\\nu\\ L 2 {M) ) Vw £ D( A A) (6.16) 
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of type (I6.9p . Then by the Peetre's lemma the range of the continuous operator 
A A — /i : D( A A) — > L 2 (M) is closed and the kernel is finite-dimensional. 

In order to see that the cokernel of the operator A A— /i is finite dimensional, one 
can apply the same argument to the adjoint operator A A* = -^ A A^, defined 

on the functions u G H 2 (M) satisfying the boundary condition x d u gju = 0. 
We only note that the operators ^ A A^ and -jz X d u (>^ stabilize at infinity to 

the operators A^ — (1 + \)~ 2 d 2 and d v . If \x does not meet the condition (13. 3p . 
this allows to obtain the estimate 

\\u\\h'hm) < C(||( A A - fi)*u\\ L 2 (M) + \\\Nu\\ L 2 {M yj Vu G D( A A*), 

which implies that the cokernel coker( A A — /i) = ker( A A — yu)* is finite dimen- 
sional. Thus the deformed Neumann Laplacian A A — /i : D( A A) — > L 2 (A4) is 
Fredholm, if /i does not meet the condition (13. 3p . 

Necessity. Now we assume that /i meets the condition (13. 3p for some j, and 
show that the operator A A — fx : D( A A) — > L 2 (Ai) is not Fredholm. By the 
Peetre's lemma it suffices to find a sequence {t^}^ of functions vi G D( A A) 
violating the estimate (16.161) . 

We first show that for some /^o < the continuous operator 

{ A A - fio, %} : H 2 {M) -> L 2 {M) x H l ' 2 {dM) (6.17) 

realizes an isomorphism. With this aim in mind we replace qu by wu in the 
estimate (16.151) . Then by the Peetre's lemma the range of the operator (16.171) is 
closed. It is easy to see that the elements in the cokernel of the operator (16.171) 
are of the form {v,v \dM}, where v G ker( A A — fi )* C D( A A*). Indeed, let 
{v, v} be in the kernel of the adjoint operator 

{ A A- /io,%}* : L 2 {M) x {H^idM))* -> {H 2 {M))*. 

Then ( a Am — fi u, v) + v) = for all u G H 2 (A4), where the brackets (•, •) 
denote the inner product in the space L 2 (dAi) on (dAi, g \om) extended to the 
pairs in H l l 2 {dM) x {H l l 2 {dM)y. Since D( A A) C H 2 (M), we immediately 
see that v G ker( A A — /i )*. Then the Green identity gives 

( x d u u,v-v\ dM ) =0 \JueH 2 (M), 

and therefore v = v \om- By Theorem 15.41 2 there exists fiQ < 0, such that 
Ho ^ tf"( A A)- As a consequence, the operator (16.171) realizes an isomorphism. 

Let x be a smooth cutoff function on the real line, such that x{ x ) = 1 f° r 
\x — 3| ^ 1, and xi x ) = for \x — 3| ^ 2. Consider the functions 

u £ (x, y) = x(x/£) exp(i(l + A) ^ - u jX )$(y), (x,y)eRx{l, (6.18) 
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where $ is an eigenfunction of the Neumann Laplacian A^ corresponding to 
the eigenvalue Uj. It is clear that ui satisfies the Neumann boundary condition 
d v ii£ = on R x dfl. As \i meets the condition (13. 3p . the exponent in (I6.18P is 
an oscillating function of x G R. Straightforward calculation shows that 

| (A n - (1 + A)~ 2 ^ - fj)v>i H0 < const, \\u e \\ H 2 {Rxn) ->■ oo (6.19) 

as I +oo. We extend the functions from their supports in II to A4 by 
zero. Then u t G C™(M) and %u t G C?(dM). 

Introduce the functions 

v t = u t - ({ A A - /i , U})" 1 {0, A ^ M£ }. 

It is clear that vi G D( A A). We also have 

||({ A A- / / o ,U})- 1 {0, A ^}||^ ( ^ ) 

^ C||( ^ ~~ ^)^IIh 1 /2(^) ^ C^||«^||ff2(R x n), 

where Cg — >■ as I — > +oo due to stabilization of to at infinity. Hence 

||^||h 2 (X) ^ ||^||// 2 (IRxf7) — Q||""£||_f/ 2 (]Rxn), /g 2^ 

Assume that the estimate (I6.16P is valid. Without loss of generality we can 
take a rapidly decreasing weight w, such that Hvvu^l^^) ^ Const uniformly 
in t ^ 1, and the imbedding H 2 (Ai) c -> L 2 (Ai; w) is compact. It is clear that 
II wm IIl 2 (>!) ^ c II m IIh 2 (X) with some independent of u G H 2 (M) constant c. 
Therefore 

I|w^||l 2 (.m) < Const + cQ ||M/||fla(R X n), (6-22) 
cf. (16.211) . Due to stabilization of A A to Aq — (1 + X)~ 2 d 2 at infinity we have 

|| ( A A - A n + (1 + \y 2 dl)u e \\ L 2 {M) ^ c e \\u e \\ H 2( Rx n), 

where q — > as £ — > +oo. This together with (16.191) and (16.211) gives 



H°(Rxn) 



\\{ x A-a) Vl \\ L 2 {M) ^C (-(l + \y 2 d 2 x + A n -n)u e 

+ || ( A A - A n + (1 + \)- 2 %)u t \\v (M ) + II ( A A - fi)(v t - u t )\\v (M ) ^ 

^ C -const + (c t + CQ)||^|| H 2( Rxn ). 

Finally, as a consequence of (16.211) . (I6.16p . (16.231) and (I6.22p . we get 

||^||_ff 2 (Rxn) ~ Q||^||jj-2( Rx q) 

< IMItf 2 (.M) < c (II( Aa - v) v z\\l 2 {m) + ||w^|| L 2 (M) ) (6.24) 
^ C(C ■ const + (CQ + c^ll^ll-ff^Rxn) + Const + cCe\\ue\\ H 2 ( j S , xn) ). 
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Since q — > and Q — >■ 0, the inequalities ( I6.24p imply that the value 
||%||// 2 (Rxn) remains bounded as £ — > +00. This contradicts ( I6.19p . Thus the 
sequence {ve}^i violates the estimate ( 16.1 6p . The necessity is proven. □ 



7 Resolvent matrix elements meromorphic continuation 

In this section we complete the proof of Theorem I3.2[ applying the Aguilar- 
Balslev-Combes argument to the resolvent matrix elements ((A — [i)~ 1 F,G), 
where F and G are in the set A of analytic vectors, and (■,■) is the inner 
product in L 2 (M). 

Recall that <§ is the algebra of all entire functions C9z4 f(z, •) G C°°(Q), 
such that in any sector \$sz\ ^ (1 — e)$t,z with e > the value \\f(z, ■) ||l 2 (q) 
decays faster than any inverse power of 3lz as §lz — > +00. By definition a 
function F G L 2 (A4) is in the set A, if F(x,y) = f(x,y) for some / G $ and 
all (x, y) G n. For F G A and A G C we define the function F o x\ on M. by 
the rule F o x\ = F on .M \ II, and 



Here f(x + Xs R (x), •) is the value of the corresponding to F entire function 
/ G <§ at the point z = x + As^a;), and xa(x,v) — (x + As#(x),y) is the 
complex scaling in II. 

Lemma 7.1 Let s R (x) = s(x — R), where R > and s a smooth function 
obeying the conditions (13. ip . Tnen we nave: 1) For any F E A, A 4 Fox A 
z's an L 2 (M.) -valued analytic function in the disk |A| < 2) For any A m 

i/iis cfoA; the image x\[A] = {F o yc\ : F G ^4} o/.4. under >c\ is dense in the 
space L 2 (M). 

PROOF. In essence, this proposition is based on jTUl Theorem 3]. 

Since F o k\ = F on Ai \ II, it suffices to consider the functions F G A with 
supports in the semi-cylinder II. For all these functions the estimate 



is valid due to the stabilization of g to the product metric dx ® dx + f) at 
infinity; recall that || • || is the norm in the space L 2 (M) on the Riemannian 
manifold (Ad, g). 



1) Let x G R+. We set z = x + Xs R (x). Then \%tz\ 2 -\%z\ 2 ^ x 2 /2-\X\ 2 \s R (x)\ 2 . 



F o x x (x, y) = f(x + Xs R (x),y), (x, y) G n. 



(7.1) 




(7.2) 
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Since Sr(x) < x, for all A in the disk |A| ^ y 1/2 — e we get 
\%tz\ 2 - \%z\ 2 ^ ex 2 ^ e\s R (x)\ 2 ^ 2e\%z\ 2 . 

Therefore \5&z\ < (1 + 2e)- 1 ' 2 ^z. On the other hand Uz ^ (1 - 2~ 1 / 2 )x. The 
equality ( 17. ip with / £ combined with the definition of the algebra (I 5 , 
implies that the value ||F o xa(x, ■) ||l 2 (q) decreases faster than any inverse 



power of i as i — > oo, uniformly in A with |A| ^ yl/2 — e. Therefore we 
have F o x A £ L 2 (yVl) because of (17. 2p . It remains to note that (F o x A , G) is 
analytic in |A| < 2 -1 / 2 for any G £ L 2 (.M), where (•, •) is the inner product in 
L 2 (Ai). The assertion 1) of the proposition is proven. 

2) Given h £ C£°(II) we construct a sequence £ £, such that the function 
R+ 9i4 ^(x) = + As iJ (a;)) £ tends to ft in L 2 (M) as £ ->■ oo. 

Since the set {F £ L 2 (M) : F f n £ C£°(II)} is dense in L 2 (M), this will imply 
that the set x\[A] is also dense in L 2 (M). 

Namely, let 

ft(z) = J- I h(x)exp[-£(z-x-\s R (x)) 2 ](l + \s' R (x))dx, 1^1, 

V 7T JK 

where h(x) = for x ^ 0. It is clear that z i— )■ /^(^) £ C°°(f2) is an entire 
function. Since ft, is compactly supported, z !->■ ||/^(^)||i,2(n) has the same falloff 
at infinity as exp(— fc 2 ), i.e. £ <f. In order to prove that ft tends to ft in 
L 2 (M), we set 

v(x, x; A) = x + Xs R (x) — x — Xs R (x). 
From the conditions (13.11) on the function s it follows that for all A in the disk 



|A| ^ J 1/2 — e we get \$lv | 2 — |Sf | 2 ^ e|x — x| 2 , and therefore 

| exp(— v 2 (x, x\ A))| ^ exp(— e|x — x\ 2 ). (7.3) 



For all real A in the disk |A| ^ y 1/2 — ewe get the equalities 
\ — ( exp\—£(x + \s R (x)—x — \s R (x)) 2 ](l + \s R (x))dx=\ — 

V 7T JK * ' ' V 7T 



e~ iv2 dv = l. 



Due to (17. 3p these equalities extend by analyticity to the disk |A| ^ y 1/2 — e. 
Thus we have established the equality 



ft(x) - g e (x) = \ - e~ e ' v ^' x \h{x) - h(x))(l + As'^x)) dz. (7.4) 

V 7T JR 

This together with ( 17. 3p gives us the uniform in A estimate 

\\h(x)- gi (x)\\ L2{Q) ^CV£ f e-^ x ~^\\h(£)-h(x)\\ L 2 (n) dx. (7.5) 
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It is known property of the WeierstraB singular integral [28] that for all x G R 
VI I e- eeix ~* )2 \\h(x)-h(x)\\ L 2 (n) dx^0 as I ->■ +00. (7.6) 

JR 

From (17.5ft . ( 17. 6p . and (17.2ft we conclude that converges to /i in the norm of 
L 2 {M) as £ ^ +00. □ 

Proof of Theorem 13.21 The assertion 1 was proven in Theorem I5.4[ and 
the assertion 3 is a direct consequence of Theorem 16.11 

4- Let A G T> a be fixed. By Theorem 15.41 2 there is a point /x < in the 
resolvent set of A A. Every /i < is in the simply connected set C \ a ess ( x A), 
cf. Fig. H This implies that A A -// : D( A A) ->■ L 2 (.M) is an analytic Fredholm 
operator function of /i G C \ cr ess ( A A). It is a known result of the analytic 
Fredholm theory e.g. [T5l Proposition A. 8. 4] that the spectrum of an analytic 
Fredholm operator function consists of isolated eigenvalues of finite algebraic 
multiplicity. Thus cr( A A) = cr ess ( A A) U a d ( x A). 

6. Let us first obtain a relation between the matrix elements ((A — /i) -1 .F, G) 
and some matrix elements of the resolvent ( A A — fi)^ 1 for a real A G T> a . 

The Riemannian geometry gives the equality 

(A-n)u= (( A A-//)(«ox A )) ox^ 1 Vm G C(°A), (7.7) 

where u o k\ is in the core C( A A) introduced in Definition 13.11 We take \x < 
outside of the sector of the m-sectorial operator A A, see Theorem 15.41 2. Then 
for all A G T> a the operator A A — fi has a bounded inverse, and we can rewrite 
the equality (17. 7p in the form 

(A - ^)' l F = (( A A - v)-\F o x A )) o H X \ (7.8) 

where F is in the set {F = (A — fi)u : u G C(°A)}. This set is dense in 
L 2 (A4), because the core C(°A) is dense in L 2 (Ai), and the operator A — fi is 

invertible. Recall that (F,G) X = I FG dvol A for F, G G L 2 (M), and ^(-, -)a 
is an equivalent norm in L 2 (Ai) as A is real, see Section HJ It is clear that 
(F o x A , F o x a )a = F)q. As a consequence, the (real) scaling F 1— >• F o xa 
realizes an isomorphism in L 2 (A'l), and the equality (17.81) extends by continuity 
to all F G L 2 (A'l). Taking the inner product in L 2 (M) of the equality (17.8ft 
with G G L 2 (A^), and using the identity (H o x^ 1 , G) = (if, G o x a )a in the 
right hand side, we obtain the relation 

((A-//)- 1 ^) = (( A A-/i)- 1 (Fox A ),Gox x ) A , A G T> a n R, (7.9) 
between the matrix elements of the resolvents (A — /u) _1 and ( A A — /u) _1 . 
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We intend to implement the Aguilar-Balslev-Combes argument to the equal- 
ity ( 17. 9p . In other words, for arbitrary F and G in the set A of analytic vectors, 
we will extend the equality (17. 9p by analyticity to all A in the disk T> a . Then 
the right hand side of ( 17. 9p will provide the left hand side with a meromorphic 
continuation in \i across cr ess (A). 

Let F, G G A. Then by Lemma 17.11 F o h\ and G o h\ are L 2 (A4)- valued 
analytic functions of A in the disk T> a . The resolvent ( A A — yu) _1 is an analytic 
function of A G V a by Theorem 15.41 3. As a consequence, the equality (17. 9p 
extends by analyticity to all A G T> a . 

We take some A G T> a with OA 7^ 0, and consider the Left Hand Side (LHS) and 
the Right Hand Side (RHS) in (17. 9p as functions of \i. The LHS is meromorphic 
in n G C \ <7 ess (A) with poles at the points of cjrf(A). The spectrum cr(A) of 
the nonnegative selfadjoint operator A is a subset of the half-line K.+. On the 
other hand, the RHS is a meromorphic function on the set \i G C \ a ess ( x A). 
Therefore the RHS provides the LHS with a meromorphic continuation from 
// G C \ <r ess (A) across the intervals (ia,-, ia, + i), j G N, to the strips between 
the rays of a ess ( x A), cf. Fig. HJ It is clear that the meromorphic continuation 
can have poles only at points of <7d( A A). Conversely, let /io G (Td( A A), and 
let P be the corresponding Riesz projection (i.e. the first order residue of 
( A A — at the pole fio). The kernel ker( A A — /i ) 7^ {0} is in the range of 
P. Recall that the form (•, -)\ is non-degenerate, and the sets x\[A] and x^L4] 
are dense in L 2 (Ai ) by Lemma 17.11 Therefore for some F, G G A we must 
have [PF o x\, G o x-A 7^ 0. Thus /i is a pole. 



2. The LHS is independent of the scaling function s. Hence the meromorphic 
continuation of LHS and its poles are independent of s. This together with the 
assertion 6 implies that <Jd( x A) does not depend on s. By the assertion 3 the 
essential spectrum a ess ( x A) is also independent of s. Therefore the spectrum 
ct( a A) = cr ess ( A A) U ad( A A) is independent of s. 

5. Let /i G Od( A A). As A changes continuously in the disk V a and fi a ess ( x A), 
the RHS of (17.91) provides the LHS with one and the same meromorphic con- 
tinuation to a neighborhood of fi. Therefore fi remains a pole of the mero- 
morphic continuation, which is equivalent to the inclusion /z G <7d( A A) by the 
assertion 6. 

7. Let A be a non-real number in the disk T> a . Consider the projection 



onto the eigenspace of the selfadjoint operator A. Suppose that G 1R and 
^0 ^ o"( A A) (then /i 7^ Uj for all j G N). Therefore, for any F, G G A the RHS 
of (17.91) is an analytic function of yti in a neighborhood of [Iq. The equality (17.91) 




P = s-limze(A — fi — ie) 



-1 
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implies that (PF,G) = 0. The set A is dense in L 2 (M), and hence P = 0. 
Thus ker(A - /x ) = {0}. 



Now we assume that /io € M and fiQ G <7d( A A). Then the resolvent ( A A — fi)^ 1 
has a pole at [Aq. The sets x\[A] and xyL4] are dense in L 2 (.M). Hence there 
exist F,G <E A, such that /io is a pole for the RHS of (17. 9p . The equality (17. 9p 
implies that (PF, G) ^ 0, and thus ker(A - /i ) ^ {0}. 

8. The RHS of (17.91) with > 0, and therefore the LHS, being defined on 
the dense subset A of L 2 (Ai), has limits at the points E \ cr( A A) as /i tends 
to the real line from C + . Since the set R fl <x( A A) is countable, the Laplacian 
A has no singular continuous spectrum, e.g. [251 Theorem XII. 20]. □ 
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